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ABSTRACT 
Unified mathematical models must establish numerical connections between all types of physical 
phenomenon. Inherent relationships between geometry and music are shown through the 
inscription of regular polygons within a unit circle. 

–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––– 

SUMMARY 
Hertz is the standard measurement of frequency in sound, calculated by the number of times a 
sound’s waveform or vibration pattern repeats in a single second. Although the modern tuning 
standard for the note A is 440hz, “true” Pythagorean tuning originally set the note A to 432hz. 
To see the direct connections between geometry and sound, Pythagoras’ original chromatic 
tuning scale must be used. 
 
Notes will repeat with a uniform ratio called “octaves,” calculated by doubling or halving any 
hertz value. There are a total of 12 notes, so the 13th note in a scale will be a repeat or up-octave 
of the first. For example, A4 = 216hz, A5= 432hz, and A6 = 864hz, where each number 
following the letter denotes the octave range the frequency belongs to. The note C4 is commonly 
referred to as “middle C” due to the range best fitted for human hearing. Pythagoras first 
discovered this pattern by noticing that plucking a string sustained a vibration or note and that 
plucking a string half as long sustains the same note at a higher pitch (See Figure 1). He used the 
same division to identify the frequencies of all other notes on the scale. Today, these ratios have 
been further honed and “equally tempered” to a greater degree of accuracy, meaning the 
frequencies shown are more symbolic references to the notes themselves. Figures 2-10 
demonstrate how these values can be plotted around a circle, connecting the musical scale to arc 
lengths, interior angles, sums of angles, and natural progressions of regular polygons.  

–––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––– 

RESULTS 
Each note in the scale has 2 corresponding degree references within one unit circle 
(circumference = 360), as the unit circle encompasses 2 octaves. Whole and half steps are 
smaller distances used in music theory to describe the gaps between notes within the same 
octave. For example, the half step gap from A5 (432hz) to A#5 (450hz) would be 30° on the unit 
circle, symbolizing an angle as the most elementary geometrical unit. The 360° unit circle is 
fundamental to our understanding of geometry and sound as each progressive note will 
correspond to a respective polygon (Fig. 2-8).  
 
“Gap notes” are empty spaces where there is no sharp or flat since the distance between the two 
whole notes (B-C and E-F) is only a half step, explained by the lack of intersection points when 
inscribing regular polygons within the unit circle. There are exceptions to this rule in deeper 
levels of music theory. The seminal note of the Flower of Life (F#: 720hz) lands perfectly on the 
circle at 186.32 degrees, referencing light speed (186.28 x 10^3 miles per second)  +/- .00001. 
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The following table will show the harmonic relationships between notes in the chromatic scale, 
their degree references, and their resulting polygonal geometries.  For example, a B5 note 
following an A5 is 1.0833 x 432hz = 468hz, which lands at 300° (0.8333 of 360°) on a 
circle.  The arc length is calculated by measuring the distance around the circle from the starting 
point (note A5 – B5 or 360°-300°). Therefore, the B5 (468hz) creates an equilateral triangle (see 
Figure 4).  All further progressions of regular polygonal geometry follow with perfect symmetry 
(See Figure 2). For example, the note C produces an inscribed square since the arc length of 90° 
is 1/4th of the 360° unit circle. The note C# produces an inscribed hexagon since the arc length of 
60° is 1/6th of the unit circle, meaning there would be a total of 6 equal sides to the polygon. The 
pattern continues through the audible spectrum of sound and is calculated for one full octave 
scale in the table below. Table 2 collects scale positions, degree references, decimal references, 
and doubling hertz frequency values for all 12 notes.  
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 Two	whole	octaves	depicted;	moving	up	the	note	scale	requires	progressively	smaller	distances	like	guitar	frets	

Figure	1	

Table	2	



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

 
 
 
 
 
 
 
 
 

Figure	2	

Notes	F,	F#,	G,	and	G#	correlate	to	polygons	that	are	not	depicted	above		
as	they	closely	resemble	circles	(48,	57,	75,	and	150-sided	polygons)	

	



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure	3	

Moving	a	“half-step”	from	A	–	A#	depicts	a	30°	angle,	a	shape	commonly	used	as	a	symbol	for	the	compass	

	



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Figure	4	

Moving	a	“whole-step”	from	A	–	B	depicts	a	60°	angle,	which,	when	closed	out,	forms	the	
fundamental	equilateral	triangle	geometry	

	



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure	5	



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure	6	

Pentagons	relate	to	“dissonant”	or	enharmonic	notes	(like	B#),	which	are	not	used		
in	the	classical	chromatic	scale	of	music		

	



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure	7	



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure	8	



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure	9	



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   

Figure	10	


